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Abstract 

A signed graph is a graph whose edges are given ±1 weights. In such a graph, 
the sign of a cycle is the product of the signs of its edges. A signed graph is called 
balanced if its adjacency matrix is similar to the adjacency matrix of an unsigned 
graph via conjugation by a diagonal ±1 matrix. For a signed graph E on n vertices, 
its exterior kth power, where k = 1, . . . ,n — 1, is a graph f\ k E whose adjacency matrix 
is given by 



A(/\ k E) = PlA(TP k )P, 



A; 



where Pa is the projector onto the anti-symmetric subspace of the A;- fold tensor product 
space (C n )® fc and E™ is the £>fold Cartesian product of E with itself. The exterior 
power creates a signed graph from any graph, even unsigned. We prove sufficient and 
necessary conditions so that f\ k E is balanced. For k = 1, . . . , n — 2, the condition is 
that either E is a signed path or E is a signed cycle that is balanced for odd k or is 
unbalanced for even k; for k = n — 1, the condition is that each even cycle in E is 
positive and each odd cycle in E is negative. 

Keyword: signed graphs, exterior powers, quotient graphs. 

1 Introduction 

We are interested in graph operators which arise from taking the quotient of a Cartesian 
product of an underlying graph with itself. More specifically, such operators are defined on a 
graph G = (V, E) after applying the following three steps. First, we take the /c-fold Cartesian 
product of G with itself, namely G Uk . Note that the vertex set of G Uk is the set of fc-tuples 
V k . For the second (possibly optional) step, we remove from V k (via vertex deletions) the 
set T> consisting of all fc-tuples of vertices which contain a repeated vertex. We denote the 
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resulting graph as G nk \ T>. Finally, we conjugate the adjacency matrix of G nk \ T> with an 
invertible operator Q. If we call the resulting graph Q, then 

A(Q) = Q}A(G Uk \V)Q. (1) 

For cases of interest, Q will either be the symmetrizer P v or the anti-symmetrizer P A which 
are projection operators onto the symmetric and anti-symmetric subspaces of the /c-fold 
tensor product space V® k (see Bhatia [3]). 

For example, Audenaert, Godsil, Royle and Rudolph |2] studied the symmetric powers 
of a graph G which is defined as 

A(G {k} ) = P'A(G Uk \ V)P, (2) 

where P is a "hybrid" of P v an d -Pa- These graphs were studied in the context of the 
graph isomorphism problem on strongly regular graphs. They are equivalent to the so-called 
fc-tuple vertex graphs, introduced by Zhu, Liu, Dick and Alavi [10J, which generalizes the 
well-known double vertex graphs (see Alavi, Behzad, Erdos, and Lick [TJ). Subsequently, 
these fc-tuple vertex graphs were studied by Osborne [8] in the framework of spin networks 
in quantum information. 

The main focus of this work is on the exterior powers f\ k G of a graph G defined as 

A(/\ k G) = P{A(G ak )P A . (3) 

We will show that /\ G is a signed graph whose edges have ±1 weights. Moreover, this 
also holds if the underlying graph is a signed graph E = (G, a) where a is the ±1- valued 
edge-signing function. 

Our main observation is the following characterization of balanced exterior powers. 

Theorem 1. Let E be a signed graph on n vertices. Then, f\ k E is balanced if and only if: 

• for k = 2, . . . , n — 2: 

Either (i) E is a signed path; or (ii) E is a signed cycle that is balanced when k is odd 
k and unbalanced when k is even. 

• for k = n — 1 : 

Each even cycle in E is positive and each odd cycle is negative. 

The proof of the first part of the above theorem is based on a forbidden subgraph property. 
Namely, if the exterior /cth power /\ k E is balanced, then E may not contain the claw as 
a subgraph, for k = 1, . . . ,n — 2. In this case, E is either a signed path or it is a signed cycle 
which is balanced for odd k and unbalanced for even k. The case when k = n — 1 requires a 
separate argument. 

As a corollary, we also obtain a characterization of unsigned graphs G whose exterior /cth 
power is balanced. For 2 < k < n — 2, f\ k G is balanced if and only if G is a path or G is a 
cycle and k is odd. For the boundary case of k = n — 1, /\ n 1 G is balanced if and only if G 
is bipartite. 

We remark that both the symmetric and exterior powers are closely related to the study 
of many-particle quantum walk on graphs in quantum information (see [1]). 
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2 Preliminaries 



We state some notation which we use in the remainder of this paper. For a logical statement 
S, we let {S} be 1 if S is true, and otherwise. Given a positive integer n, we use [n] 
to denote the set {1,2, . . . , n}. For two sets A and B, we let AAB denote the symmetric 
difference of A and B; that is, AAB = (A \ B) U (B \ A). 

The graphs G we study here are finite, mostly simple, undirected and connected. The 
vertex set of G will be denoted V{G) and its edge set E(G). The adjacency matrix A{G) 
of G is defined as A(G) UyV = {(u, v) G E(G)J. For two graphs G and H with adjacency 
matrices A(G) and A(H), respectively, their Cartesian product G □ H is a graph defined 
on the vertex set V(G) x V(if) where (gi,hi) is adjacent to (#25^2) if either = g 2 and 
(/ix, fo 2 ) G or (gi, g 2 ) G -Eg an d ^i = ^2- The adjacency matrix of this Cartesian product 
is given by A(G □ H ) = <g) J + J <g) Here, A ® £? denotes the tensor product of 

matrices A and B. 

Standard graphs we consider include the complete graphs K n , paths P n , cycles C n , bi- 
partite graphs, and the hypercubes Q n . 

A vertex partition n of a graph G = (V, E) given by V = i+JJli Vj is equitable if each vertex 
u in Vj is adjacent to vertices in \4, where this constant is independent of the choice of 
vertex u (see Godsil |5J). Each component Vj is called a ce/Z of the equitable partition n. 
Here, |7r| = m is the size of 7T - which is the number of cells in ir. The (normalized) partition 
matrix Q of tc is a |V| x |tt | matrix whose entries are Q[i,j] = {i G Vj]/ a/| Vj|. The quotient 
graph G/7T of G modulo the equitable partition it is an undirected weighted graph whose 
vertices are the cells of 7r and whose edges (Vj, Vk) are given the weights y/dj^dkj. 

Fact 2. (Godsil JSJ/j Let G = (V,E) be a graph and let tt be an equitable partition with 
partition matrix Q. The following properties hold: 

1. Q T Q = I. 

2. QQ T commutes withA(G). 

3. A(G/tt) = Q T A(G)Q. 

More background on algebraic graph theory may be found in Godsil and Royle [6]. 

2.1 Signed graphs 

A signed graph S = (G, a) is a pair consisting of a graph G = (V, E) and a signing map 
o : E(G) — > { — 1, +1} over the edges of G. We call G the underlying (unsigned) graph of S; 
we also use |E| to denote this underlying graph. 

The sign of a cycle in a signed graph is the product of all the signs of its edges. A signed 
graph is called balanced if all of its cycles are positive. Similarly, it is called anti-balanced if 
all of its odd cycles are negative and all of its even cycles are positive. 

Fact 3. (Harary fTjj) A signed graph is balanced if and only if there is a bipartition in which 
all crossing edges are negative and all non- crossing edges are positive. 
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Given a signed graph E, switching around a vertex u G V(H) means flipping the signs of 
all edges adjacent to u. Similarly, switching around a subset U C V(£) means flipping the 
signs of all edges crossing the cut (U, U c ), that is, edges of the form (v, w), where v G U and 
W G £/ c . 

Fact 4. A signed graph is balanced (respectively, anti-balanced) if and only if there is a subset 
U for which switching around U results in all edges being positive (respectively, negative). 

Switching has a nice algebraic description as conjugation by a diagonal matrix with ±1 
entries. Two signed graphs Si and E 2 are called switching equivalent, denoted E x ~ E 2 , if 
v4(Ei) = D~ l A{Y>2)D for some diagonal matrix D with ±1 entries. Thus, a signed graph E 
is balanced if E ~ |E| and it is anti-balanced if — E ~ |E| (that is, — E is balanced). 

More basic facts about signed graphs may be found in Zaslavsky [9]. 

3 Exterior Powers 

Let G be a graph on n vertices. We first define the exterior /cth power f\ k G, for 1 < k < n—1, 
in a combinatorial fashion. An equivalent algebraic formulation will follow thereafter. Our 
treatment follows closely the description given by Osborne [8] (see also [2]). 

We fix an arbitrary total ordering -< on the vertex set V of G. Consider a fc-tuple u G V k , 
say u = {u\, . . . , Uk), whose elements are distinct and are ordered with respect to -<, that is, 
U\ -< . . . -< Uk- We adopt the somewhat standard "wedge" product notation to denote such 
an ordered fc-tuple as u = U\ A . . . A Let (, ) denote the set of all such ordered fc-tuples. 
That is: 

\k) = ^ Ul A ' ' ' A Uh : Uu ' ' ' ' Uk e V) Ul ^ ' ' ' ^ Uk ^ ' ^ 

Again, we stress that u\ f\ui A . . . is notation for the fc-tuple [u\, . . . , Uk) whose elements 
are distinct and are given in ascending order (with respect to -<). 

The vertex set of f\ k G is (^) and its edges are defined so two vertices u = Ai=i u j anc ^ 
v = Aj=i v j are adjacent if there is a bijection 7r over [k] where u n ^) = Vj for all j G {1, . . . , k} 
except at one index i where (w^j), t>j) G E[G). Thus, for m,d6 (,), we have 

(u,v) G E(/\ k G) iff (3z)[K W ,«i) G E(G) and (Vj ^ z)K -) = vA]. (5) 

Here, we say that the permutation % connects the vertices u and v. We make A fc G into a 
signed graph by assigning the value sgn(7r) to the above edge (u,v). 

Example: Consider a 4-cycle on V = {a, b, c, d} with edges E = {(a, b), {b, c), (c, d), (a, d)}. 
With the ordering a -< b -< c -< d, we have ( 2 ) = {a A b, a A c, a A d, b A c, b A d, c A d}. Then, 
A 2 C4 is the signed bipartite graph K 2 ^ with partition {a Ad, bAc} and {aAb, a Ac, bAd, cAd}. 
All edges are positive except for the ones connecting bAc with both aAb and c A d. See 
Figure [Tj 

Our further interest will be on the exterior power A fc ^ °f a signed graph E = (G,o~). 
This is a strict generalization of the case for unsigned graphs. In this general case, the sign 
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Figure 1: The 4-cycle and its exterior square /\ 2 C4. 



of the edge connecting u, v in /\ £ is the product of the sign of the permutation tt that 
connects u and v, and the sign of the only adjacent pair (u^i),^) in E, for 2 which satisfies 
Equation ([5]); that is, the sign of the edge (u,v) in f\ k £ is 

cr'O,^) = sgn(7r) x o-(it jr ( i ), (6) 

where (iin-m , i>i) G -E'(G') and u^-) = u,- for all j 7^ z. Here, we have used a' to denote the 
signing function for the exterior power f\ k E. 

Remark: A gain graph $ = (G, X, <p) is a triple consisting of a graph G — (V,E), a group 
X, and a gain function ip over the edges of G, that is, <£> : E{G) — >■ X. In our case, we may 
treat G as a gain graph C> V 9 ) over the symmetric group Sk, where cp assigns the 
permutation tt that connects u and v to the edge (u, v). 



Algebraic framework Next, we describe an algebraic framework for the exterior fcth 
power f\ h G. Much of the machinery below will be familiar from multilinear algebra (see 
Bhatia [3]). 

Let G = (V, E) be a graph on n vertices and let k be a positive integer where 1 < k < n—1. 
We consider the vector space W = C v of dimension n where we use the vertex set V to 
index the n-dimensional space. For each vertex u G V, we let e(u) represent the unit vector 
that is 1 at position u and elsewhere. So, the vertex set of G gives us a basis for the 
vector space W via the set {e(it) : u G V}. Next, we consider the fc-fold tensor product 
space §Q h W and index this n fc -dimensional space using the fc-tuples of V k . To this end, for 
a fc-tuple u = (tii, . . . , ttfc) G V fc , we define the unit vector e(tt) (this time in <^) k W) as 

e(ti) = e(tii) <S) e(tt 2 ) ® • • • <8) e(u fc ). (7) 

Moreover, the fc-fold tensor product space (^) fc is spanned by all such unit vectors. For 
a permutation tt G 5& and a A;-tuple ti = (ui, . . . , the action of it on tt is defined as 
tt(u) = (u n n), . . . , tt^fc)). In a natural way, we may extend this to define the action of tt on 
the unit vector e(u) as 

vr(e(u)) = e(vr(n)) = e^jj) ® e(^( 2 )) ® . . . ® e^^j). (8) 

As before, we fix an arbitrary total ordering on the vertex set V, say v% -< t> 2 -< ■ ■ ■ -< v n . 
Then, we consider the set of ordered fc-tuple of distinct elements of V, which is usually 
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written as "wedge" products: 

= {ui A u 2 A . . . A Uk : U\ -< w 2 -< . . . -< life, where Mi, . . . , Uk E V} . (9) 

Here, U\ A m 2 A . . . A Uk is notation for the /c-tuple (iti, w 2 , . . . , where «i -< u 2 -<...-< 
The exterior power f\ h W is a vector subspace of (g) fe and we will use (T) to index this 

(?) -dimensional space. Thus, we may identify /\ W with in the same way we identify 
(gf W with C y . The exterior power f\ W is spanned by the "wedge" vectors 

e(«i A m 2 A . . . A Uk) = [«i -< 1*2 -< • • • -< Uk] e(ui) <8> e(w 2 ) ® . . . ® e(w fc ). (10) 

A nice way to view the connection between (g) fc W and /\ fc is via the anti-symmetrizer 
%n t k defined as the following n k x (") matrix: 

^ = ^T E 8Bn(T)e(7r(t;))e(t;)t. (11) 
' ^(l),-es fc 

In what follows, we show the role of 2t ni /t in defining the exterior kth. power G, for a 
graph G. As a consequence, we note that f\ k G is a signed quotient of the /c-fold Cartesian 
product of G modulo a natural equitable partition. 

Lemma 5. Let G be a graph on n vertices and k be an integer where 1 < k < n — 1. 27je 
following properties hold: 

1- ^n,k^n,k = If*y 

2. % n ,k%n,k commutes with A(G nk ). 

3. A(A*G)=S^A(G a *)0 B| *. 

Proo/. See [I]. □ 

We note that Lemma [5] is similar to Fact[2j So from the third property above, /\ fc G may be 
viewed as the "quotient" of G Uk modulo an equitable partition ix induced by %n,k', that is, 
f\ k G = G Dk / it. 

4 Basic Properties 

We start with the simplest fact about the exterior kth power: cases when k = 1 and k = n. 

Fact 6. For any n-vertex signed graph E ; we have /\ x E = S ; and /\ n £ = K\. 

Proof. Follows immediately from the definitions. □ 
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Next, we show that the exterior power f\ k G is well-defined up to switching equivalence; 
that is, the signed graph /\ k G we obtain is independent of the choice of ordering on the 
vertex set V of G. This allows us to simply state f\ k G without fear of ambiguity. To this 
end, let /\^ G denote the signed graph obtained from ordering V according to -<. 

Fact 7. Let G = (V, E) be a graph. For any two total orderings -< and -<' over V , we have 

Proof. The total ordering -< determines the map 21^ k . Let -<' be a total ordering which 
differs from -< by a transposition on two vertices u and v. In a similar manner, the total 
ordering -<' determines its own anti-symmetrizer 21^ k . Define a diagonal matrix D uv with 
±1 entries where, for each a G (^), its (a, a)-entry is 



e a 



, . i — 1 if u G a and v G a 
> DuMa) = +1 otherwise (12) 



The two anti-symmetrizers of -< and -<' are connected by D uv as follows: 

^n,k = ^n,k D U v (13) 

This shows that /\ , G are switching equivalent to /\^ ; G since 

A(A^G) = (Qi:; k fA(G nk ) < fc (14) 
= ^(2l^) r A(G Dfe )2lJ fcJ D TO , by Equation (m (15) 
= D^A{J^G)D m since Dl = D- v \ (16) 

In general, if -< and -<' are related by a permutation cr, we may apply induction on the 
number of transpositions that form a. □ 

The next fact shows that there is a mirror-symmetric isomorphism in the sequence of 
exterior powers f\ h G. 

Fact 8. Let G be a graph on n vertices and let 1 < k < n — 1. Then, \ f\ k G\ = | f\ n ~ G\. 

Proof. The map r from (Y) to ( ,) defined as t(u) = V(G) \u is the claimed isomorphism. 

If u is adjacent to v in | f\ k G\, then uAv = {a, b) for some vertices a and b with (a, 6) G E{G). 
Since (V(Cr) \u)A(V"(G) \u) = uAv, this implies r(tt) is adjacent to r(v) in | f\ n ~ k G\. The 
converse follows in a similar fashion. □ 

Remark: Fact [8] was also described in Osborne [8J; we provide its proof for completeness. A 
similar mirror-symmetry condition is also known for Johnson graphs (see Godsil and Royle 

Next, we show that the exterior power, as a graph operator on signed graphs, preserves 
switching equivalence. 

Fact 9. Let Ei and S 2 be two signed graphs on n vertices satisfying Ei ~ E 2 . Then, 
/\ k E x ~ f\ k E 2 for each positive integer k with 1 < k < n — 1. 
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Proof. If Ei ~ E 2 , then there is a diagonal n x n matrix D with ±1 entries so that A(E 2 ) = 
DA(T, 1 )D. This implies A(E™) = D® fe A(E™)D® fc . Let I) be a diagonal matrix with ±1 
entries of dimension (™) where, for each u G (^) , its (u, w)-entry is defined as 

k 

e(u) f £)e(«) = JJe^De^), (17) 

j'=i 

which depends on the product of the diagonal entries of D. We note that 

% n , k D = D® k X n , k . (18) 

Therefore, we have 

A(A fe S 2 ) = f^AQF)*** (19) 
= %l jk D® k A{Y^ k )D® k % n , k (20) 
= D Qll k A(^ k )Qi n , k D (21) 
= L>A(A fe Ei)L>, (22) 

which proves the claim. □ 

In the following, we consider the /c-fold Cartesian product graph G Uk minus its "diagonal" 
(which are the /c-tuples containing a repeated element), but without the conjugation (or 
quotient) action. We relate this to the gain graphs and signed graphs corresponding to 
/\ k G. Note that there is a natural way to convert a gain graph over the symmetric group 
into a signed graph - simply take the sign of the permutations which label the edges of the 
gain graph. 

But, first we recall some definitions about covers of gain graphs. Let $ = (G,X,tp) be 
a gain graph on a graph G = (V, E) and a group X with the group-valued edge-signing 
function p> : E — >■ X. The graph C is called a |X|-cover of $ if the adjacency matrix of C is 
given by 

A(C) = Y,A(G«)®P g . (23) 
sex 

Here, G 9 is the subgraph of G induced by edges which are signed with g G X; that is, 
G 9 = (V,E 9 ) where E 9 = {e G E : tp(e) = g}. Also, P g is the |X|-dimensional permutation 
matrix induced by g; its entries are given by P g [a, b) = [a = gbj, for group elements a, b G X. 

Fact 10. Let G = (V, E) be a graph on n vertices and let k be a positive integer 1 < k < n. 
Then, G Uk \ ker(2l^ fc ) is a \Sk\ -cover of the gain graph $(/\ h G, S k , (p). 

Proof. Let C be the jS^-cover of §(/\ k G, S k , ip). Each vertex of C is of the form (u, n) where 
u G (Y) and tx G S k . Let D = ker(2l^ fc ) and consider the map : C — > G Dk \ D defined as 
(f>(u, 7r) = tt(u). We claim that is an isomorphism between C and G Uk \ D. Suppose (u, ir) 
and (v,t) is adjacent in C. This implies u and v are adjacent in G Ak and r = tt o tp(u,v). 
Therefore, 7r(u) is adjacent to r(v) = tp(u, v)(tt(v)) in G nk \D from the definition of the gain 
graph <S>(/\ k G,S k ,p). □ 



8 



Corollary 11. Let G be a graph with at least three vertices and let D = {a® a : a G V(G)}. 
Then, G° 2 \D is a double- cover of the signed graph /\ 2 G. 

5 Unsigned Graphs 

To provide an illustration of upcoming techniques we used for signed graphs, we examine 
the exterior powers of some well-known unsigned families of graphs, such as, cliques, paths, 
cycles, and hyper cubes. 

5.1 Cliques 

Given positive integers n > k > t > 1, the graph J(n, k,£) has vertices which are /c-element 
subsets of [n] and edges between two subsets if their intersection is of size £ (see Godsil and 
Royle [6]). The family of graphs J(n, k, k — 1) is known as the Johnson graphs. 

Fact 12. For positive integers n and k where 1 < k < n—1, we have \ f\ h K n \ = J(n, k, k — 1). 

Proof. Since any two distinct vertices of K n are adjacent, the exterior power f\ k K n has each 
A;-subset A of V adjacent to every other fc-subset B of V provided |AAS| = 2. This is 
exactly the definition of the Johnson graphs J(n, k, k — 1). □ 

The above fact also appeared in jH]; we include its proof for completeness. 

5.2 Paths 

Fact 13. For positive integers n and k where 1 < k < n — 1, the exterior power of a path 
f\ k P n is always balanced. 

Proof. Let the vertex set of P n be V = {a , . . . ,a n _i} with a« is adjacent to aj whenever 
i—j = ±1 except that a is only connected to a 1 and a n _i is only connected to a n _ 2 . By Fact 
[TJ we may use the ordering -< aj whenever i < j. Consider an arbitrary cycle of length i in 
f\ k P n that is given by the sequence of vertices Wi, . . . , We, where Wi G (Y) • The permutation 
that connects Wi and Wi + i is always the identity permutation since WjAwj+i = {aj, a,-+i} for 
some j. Thus, the sign of all edges in f\ P n is always positive. □ 

5.3 Cycles 

Fact 14. For positive integers n and k where 1 < k < n — 1, the exterior power of a cycle 
f\ k C n is balanced if and only if k is odd. 

Proof. Let the vertex set of C n be V = {ao, . . . ,a n _i} with a; is adjacent to aj whenever 
i—j = ±1 (mod n). By Fact[7J we may use the ordering -< aj whenever i < j. Consider an 
arbitrary cycle of length £ in f\ h C n that is given by the sequence of vertices wi, . . . , wi, where 
Wi G (^). The permutation that connects w^ and w i+ \ is a fc-cycle if WiAw i+ i = {a ,a n -i}? 
otherwise it is the identity permutation. Since a fc-cycle has a negative sign whenever k is 
even, this shows f\ k C n is balanced if and only if k is odd. □ 
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We will later generalize Facts [13] and [TH for signed graphs in Section |6j 
5.4 Hypercubes 

Fact 15. Let n > 3 be a positive integer and let k be an integer where 1 < k < N — 1 
and N = T. Then, f\ Q n is a signed bipartite graph and f\ Q n is unbalanced except for 
k = 1,N-1. 

Proof. To see that | f\ k Q n \ is bipartite, note that we may identify the vertices of Q n with 
the set V = {0, l} n of binary strings of length n. There is a natural bipartition of V into 
V = Wo tfcl W\ according to the Hamming weight of the strings, where Wq and W\ are the 
binary strings with even and odd Hamming weight, respectively. Let Ve be the collection of 
£;-subsets of V which contain £ elements from Wq and k — £ elements from W\. Then, we 
have a bipartition f\ k Q n = V l±l V\ where V = i+J{V^ : £ even} and V\ = \+){Vi : £ odd}. 
Note, each vertex in Vq is connected to only vertices from V\, and vice versa. 

By Lemma fT6l f\ k Q n is unbalanced, for k 1, iV — 1, since Q n contains the claw 
as a subgraph whenever n > 3. Note f\ x Q n = Q n is trivially balanced and /\ 1 Q n is 
balanced since Q n is bipartite (see Corollary EUJ) • □ 

6 Balanced Characterization 

In this section, we characterize those signed graphs £ for which f\ k E is balanced; that is, 
signed graphs S which satisfy f\ k S ~ | /\ k E|. Our main result is Theorem [TJ but first we 
prove several preliminary lemmas. The next lemma shows that if f\ h £ is balanced, then 
|E| does not contain the claw K\ 3 as a subgraph; this holds if k is strictly smaller than 
|V(E)|-1. 

Lemma 16. Let S be a signed graph on n vertices. If ^ is a subgraph of |E| ; then /\ k E 
is not balanced, for 2 < k < n — 2. 

Proof. Let E = (G, a) be a signed graph where G = (V, E) contains % as a subgraph. 
By switching around the center of the claw, we may assume that the subgraph is all 
positive. Suppose the vertices of the claw is V\ = {a,b,c,d}, where a is the center of the 
claw, and that V — V\ t±J V2, where Vi is the set of vertices of G that is not part of the claw. 
By Fact [7] we may assume a total ordering on V which starts with the vertices of V\ followed 
by the vertices of V2 (in some arbitrary order): 

a ~<b ~< c -< d -< . . . (24) 

Consider the cycle on six vertices in /\ k defined by the following sequence: 

aAbAil, b Ac Ail, a Ac Ail, c Ad Ail, a Ad Ail, b Ad Ail, (25) 

where il is the wedge product of some arbitrary k — 2 elements from V2. Note the above 
sequence induces a negative Cq (see Figure [2]). □ 
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b b Ac a Ac 




d b A d a A d 



Figure 2: The claw and its exterior square which is a negative C%. 



Next, we show that the exterior kth power of signed cycles are balanced provided the 
cycle is balanced and k is odd or it is unbalanced and k is even. Note, this implies that the 
exterior kth power of signed paths are always balanced. 

Lemma 17. Let £ be a signed cycle with n vertices and let k be an integer with 1 < k < n— 1. 
Then, f\ h E is balanced if and only if either (i) E is balanced and k is odd; or (ii) £ is 
unbalanced and k is even. 

Proof. Let £ = (C n , a) be a signed cycle. If £ is unbalanced, then it has an odd number 
of negative edges. Since two adjacent negative edges can be switched to positive edges 
and switching may move any negative edge along the cycle, we may assume that there is 
exactly one negative edge on E. If £ is balanced, we may assume (by switching) that it 
has no negative edges. So, E either has no (if balanced) or exactly one negative edge (if 
unbalanced) . 

We assume without loss of generality that the vertices of C n is V = {wo, «i, • • • ,Un-i} 
where Ui is adjacent to Uj if i — j = ±1 (mod n) and so that (-Uo,w n -i) is the unique 
negative edge if E is not balanced. By Fact we may assume that the ordering on V is 
u Q -< Ux -< . . . -< W„_i. 

Consider an arbitrary cycle r in f\ h E given by the sequence Wi,w 2 ,...,W£ G (Y). 
The permutation that connects Wi and ti>j+i, which we will denote 7T Wi7Wi+1 , is a fc-cycle 
if WjAwj+i = {uo,u n -i}, and is the identity permutation otherwise. Let a' denote the edge 
signing function on /\ fc E. Thus, the sign of the edge (wi, Wi + i) is given by 

a'(wi, w i+1 ) = o-(wiAw i+ i) sgn(ir Wi7Wi+1 ) 

| (-l)[ Eunbalanccd l S gn(A : -cycle) if w t Aw i+1 = {u , w n ^} 
\ (+l)sgn(id) if WiAw i+1 ^ {w ,Wn-i} 

Since sgn(fc-cycle) = (— l) fe_1 , the sign of each edge (wi,Wi + i) of T is positive if E is unbal- 
anced and k is even or if E is balanced and k is odd. Thus, each cycle r in f\ h E is a positive 
if and only if E is unbalanced and k is even or E is balanced and k is odd. □ 

Lemma 18. Let E be a signed path on n vertices. Then, f\ k E is balanced for each integer 
k with 1 < k < n — 1 . 
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(26) 
(27) 



Proof. Note that £ is balanced since |E| is a path so we may assume that all edges are 
positive. This already proves the case for k = 1, since f\ x £ = £, and for k = n — 1, since 
| /\ £| = For the cases 2 < k < n — 2, we appeal to the proof of Lemma [T71 In an 
arbitrary cycle T in E, the permutation connecting adjacent vertices in T is always the 
identity permutation. That is, we never encounter the case where the symmetric difference 
between adjacent vertices is the two endpoints of the path £. This shows that any such cycle 
r in f\ k £ is always positive. □ 

Next, we characterize the (n — l)th exterior power of n-vertex signed graphs. In this 
case, we show that only balanced signed bipartite graphs have a balanced {n — l)th exterior 
power. 

Lemma 19. Let £ be a signed graph on n vertices. The exterior power f\ n ~ £ is balanced 
if and only if each odd cycle in E is negative and each even cycle in E is positive. 

Proof. Let E = (G,a) be a signed graph where G = (V,E) and \V\ = n. Suppose 6 : 
( — > V is the natural bijection between V and its (n — l)-subsets defined as follows. For 
a subset A C V with \A\ = n — 1, we let 9(A) = a where V \ {a} = A. 

Consider an arbitrary cycle T of length £ in /\ n_1 £ given by the sequence 
w , Wi, . . . , Wt-i G (__]}■ We identify T with another cycle 6(T) in E defined by the se- 
quence 

0(w o ),6{w 1 ),...,0{w e - 1 )eV. (28) 

By Fact [TJ we may assume an ordering on V which starts with vertices in 6(T) followed by 
the other vertices (in some arbitrary order): 

6{w Q ) -< 9{ Wl ) -< . . . -< 9{w l ^ 1 ) ■<... (29) 

By switching, we may assume that 9(T) has zero or exactly one negative edge, depending on 
whether 9(T) is a positive or negative cycle. Moreover, without loss of generality, we may 
assume that that the negative edge, if it exists, be the edge connecting 9(wq) and 9{w^i). 
That is, 

a(9(w i ),9(w i+1 )) = +1, for* = 0,...,£-2 (30) 

N , f —1 if 9 (r) is a negative cycle /olN 

(T(9(w ),e(w e -i)) = I +1 oth ^. se (31) 

We use o~'(wi, w i+ i) to denote the sign of edge (wi, w i+ i) in f\ n l S. Note that 

a'(wi, Wi+i) = cr(9(wi), 9{w i+1 )). (32) 

Let 7T w . jWi+1 denote the permutation that connects the vertices tOj and w i+ i in /\ n l S. By 
our choice of the ordering given above, the identity permutation connects (wi,Wi+i), for 
< i < £ — 2, and an {£ — l)-cycle connects (wq, it^-i). Therefore, the sign of the cycle T is 
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given by 

1-2 

cr'(r) = a'(w , wt-i) sgn(7r WOiW£ _ 1 ) o'(w u w i+1 ) sgn(ir WijWi+1 ) (33) 



i=0 

1-2 



)H<T(9( Wi ),9(w i+1 ))s ) (34) 

i=0 

= (-l) [e(r)nesativcl sgn((£-l)-cycle). (35) 

The last expression equals +1 if and only if each odd cycle in £ is negative and each even 
cycle in E is positive. This proves the claim. □ 

Finally, we are ready to put the pieces together and prove our main characterization of 
signed graphs £ whose exterior power /\ k £ is balanced. 

Proof, (of Theorem [TJ) 

The first part follows from Lemmas [161 EH an d [13 The second part is a restatement of 
Lemma dHJ □ 

The next corollary of Theorem [1] yields a similar characterization for unsigned graphs. 
Corollary 20. Let G be a graph on n vertices. Then, f\ k G is balanced if and only if: 

• for k = 1, . . . ,n — 2: G is a path or G is a cycle and k is odd. 

• for k = n — 1: G is bipartite. 
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